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O ■ Abstract 

I We show that there are well separated families of quantum expanders with asymptotically 

■ the maximal cardinality allowed by a known upper bound. This has applications to the "local 
theory" of operator spaces. This allows us to provide sharp estimates for the growth of the 
multiplicity of A^Ar-spaces needed to represent (up to a constant C > 1) the MAr-version of the 
n-dimensional operator Hilbert space OHn as a direct sum of copies of M^r. We show that, 
when C is close to 1, this multiplicity grows as exp(3nN'^ for some constant /3 > 0. The main 

I idea is to identify quantum expanders with "smooth" points on the matricial analogue of the 

lO ■ unit sphere. This generalizes to operator spaces a classical geometric result on n-dimensional 

I Hilbert space (corresponding to iV = 1). Our work strongly suggests to further study a certain 

class of operator spaces that we call matricially subGaussian. 
0^ I In a second part, we introduce and study a generalization of the notion of exact operator 

■ space that we call subexponential. Using Random Matrices we show that the factorization 
results of Grothendieck type that are known in the exact case all extend to the subexponential 
case, and we exhibit (a continuum of distinct) examples of non-exact subexponential operator 
spaces. We also show that OH, R + C and max(£2) (or any other maximal operator space) are 

^ . not subexponential. 

^ ! 

5^ , The term "Quantum Expander" is used by Hastings in [14j to designate a sequence {U^'^^ \ N > 1} 

of n-tuples U^^^ = {u[^^ > ■ ' ' > Un^^ ) oi N xN unitary matrices such that there is an e > satisfying 
the following "spectral gap" condition: 

(0.1) ViVVxEM^v \\^"^U^^\x-tr{x))uf^*\\2<n{l-e)\\x-tr{x)\\2, 

where ||.||2 denotes the Hilbert-Schmidt norm on Mj\f. More generally, the term is extended to the 
case when this is only defined for infinitely many A^'s, and also to re-tuples of matrices satisfying 



merely E^rVf)* = EC/rVf) 
We will say that an re-tuple U^^^ satisfying (jO.ip is a e-quantum expander. 

In analogy with the classical expanders (see below), one seeks to exhibit (and hopefully to 
construct explicitly ) sequences {[/(^"i) | m > 1} of re-tuples of Nm x Nm unitary matrices that are 
e-quantum expanders with oo while re and e > remain fixed. 



rel. 
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When G is a finite group generated by S = {ti, • • • the associated Cayley graph Q{G, S) is 
said to have a spectral gap if the regular representation Ac satisfies 



(0.2) \\Y^XGitj)\i^\\<n{l-e) 

where I denotes the constant function 1 on G. Obviously, this is equivalent to the condition that 
the unitaries Uj = Xcitj) satisfy (jO.ip when restricted to diagonal matrices x (here = In 
this light, quantum expanders appear as a non-commutative version of the classical ones. 
More precisely, (j0.2p holds iff the unitaries Uj = Xcitj) satisfy (jO.ip for all x in the orthogonal 
complement of right translation operators. This is easy to deduce from the decomposition into 
irreducibles of Ag (S" Ag, in which the component of the trivial representation corresponds to the 
restriction to right translation operators. 

A sequence of Cayley graphs g{G("'\ S^""^) constitutes an expander in the usual sense if ()0.2p 
is satisfied with e > and n fixed while IG^*"^! — >• oo. 

Expanders (equivalently expanding graphs) have been extremely useful, especially (in the ap- 
plied direction) since Margulis and Lubotzky-Phillips-Sarnak obtained explicit constructions (as 
opposed to random ones). We refer to \20\ I15j for more information and references. 
They have also been used with great success for operator algebras and in operator theory (see e.g. 
[391 El [IS] see also [301 12] ) ■ In [ISj , is crucially used the fact that when the dimensions A^, A^' are suit- 
ably different, say if N is much larger than N' , and U^^^ satisfies (10. ip then U^^^ and U^^ are sep- 

( AT) (N')^ 

arated in the sense that there is a fixed 6 = 6{e) > such that Vx G M^xA^' II xUj ||2 < 

n(l — (5)||x||2 (see Remark 1 1.1 31 for more on this). 

Motivated by operator theory considerations, it is natural to wonder what happens when = 
A^'. We will say that two n-tuples u = (uj) and v = (vj) of N x N unitary matrices are (^-separated 
if 

En 
^ UjXVj*\\2 < n(l — (5)||x||2. 

Equivalently this means that 




Uj Vj II < n(l — 5) 



where vj denotes the complex conjugate of the matrix vj, and the norm is the operator norm on 
£2 £2 • This can be interpreted in operator space theory as a rough sort of orthogonality related 
to the "operator space Hilbert space OH" . 

Note for example that when (j0.2p holds then, for any pair of inequivalent irreducible represen- 
tations 7r,cr on G, the n-tuples {^{tj)) and {cr{tj)) are e-separated. 

Let U{N) C Mn denote the group of unitary matrices. The main result of §1 asserts that there 
exists absolute constants /3 > and 5 > such that for each < e < 1, for all sufficiently large 
integers n and A^, there is a (5-separated family {u{t) \ t £ T} C U{N)^ of n-tuples of e-quantum 
expanders such that 

|r| > exp/3nA^2. 

Thus we can "pack" as many as m = exp /3nA^^ 5-separated e-quantum expanders inside U{N)"'. 
This number m is remarkably large. In fact, in some sense it is the largest possible. Indeed, it 
is known ( [6] , see also Remark II. 7p that the maximal m is at most exp fS'nN'^ for some absolute 
constant f3' . 

In §2, we use quantum expanders to prove the analogue for operator spaces of a well known 
geometric property of Euclidean space: The unit sphere in a Hilbert space is smooth. Equivalently 
all its points admit a unique norming functional. In our extension of this, "norming" will be 
with respect to the operator space duality. Moreover, unicity has to be understood modulo an 



2 



equivalence relation: for any x = {xj) G Mn{E)^ we define Orb{x) as the set of all x' of the form 
x' = [uxjv) G Mi\f(E)'^ for some u,v £ U{N). Then if x is "norming" some point, any x' £ Orb{x) 
is also 'norming" that same point. When E is an operator space and x G M^{E), we will say that 
y G M]\r{E*) M^r-norms x if || Yl^j'^Vjll — II^IImjv(-B) l|y||Afjv(-E*)- We will say that x is M^r-smooth 
in M]\r{E) if the only points y with ||?/||Afjv(£:*) = 1 that M^y-norm x are all in a single orbit in 
M]\f{E*). Let us now turn to the case E = OHn- Then we show that, if x G U{N)'^ is viewed as 
an element of M^{i'^), then x is M^-smooth in Mj\f{E) iff x is an e-quantum expander for some 
e > 0. 

More generally, in Lemma 11.121 we prove a more precise quantified version of this: if x is an 
e-quantum expander and if two points y,z £ Mn{E*) both M^v-norm x up to some error 5, then 
the distance of the orbits Orb{y) and Orb{z) is uniformly small, i.e. majorized a function f{£,S) 
that tends to when (e, 5) — s- (0,0). Here the distance is meant with respect to the renormalized 
Euclidean norm y i— t- (nA^)~-'^/^||y||2 for which any y G U{N)"' has norm 1 (where ||.||2 denotes here 
the norm in £2{n x N'^)). 

This also has a geometric application. Consider the following problem for an n-dimensional 
normed space E: Given a constant C > 1, estimate the minimal number k = kE{C) of functionals 
fi, - ■ ■ fk in the dual E* such that 

Mx £ E sup \fj{x)\ < \\x\\ < C sup \fj{x)\. 

l<j<k l<j<k 

Geometrically this means that (in the real case) the symmetric convex body that is the unit ball 
of E* is equivalent (up to the factor C) to a polyhedron with vertices included in {±/j} and hence 
with at most 2k vertices (so its polar, that is equivalent to the unit ball of E, has at most 2k faces). 
For instance, the n-dimensional cube has 2"' vertices and 2n faces. When E has (real) dimension n 
it is well known (see e.g. |28i p. 49-50]) that 



For example if C = 2 we have kE{C) < 6". This exponential order of growth in n is optimal for 
E = ^2 (oi' for 1 < p < oo) but of course kE{C) = n for E = P^, and there is important available 
information and a conjecture (see [25j) about conditions on a general sequence {E{n) | n > 1} with 
dim(£'(n)) = n ensuring that kE(n) > expcn for some c > 0. 

We now describe the matricial analogue of kE that we estimate using quantum expanders. Let 
E be an operator space. Fix an integer > 1. We denote by kE{N,C) the smallest k such that 
there are linear maps fj: E ^ M]\f (1 < j < k) satisfying 

Vx G Mn{E) sup ||(/(i® /j)(x)||mjv{Mjv) < Mmn{E) < C sup ||(/d /j)(x)||mjv(Mjv)- 

l<j<k l<j<k 

It is not hard to adapt the corresponding Banach space argument to show that for any n-dimensional 
E, any C > 1 and any we have 



kEiN,C)<i 



3C 

C-1' 



\2nN 
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Using the "packing" of e-quantum expanders described above, we can show that the operator space 
version of Hilbert space (i.e. the space OH from [29]) satisfies a lower bound of the same order of 
growth, namely we show for E = OHn (see Theorem I2.8p there are numbers Ci > 1 , 6 > such 
that for any n, large enough we have 

koHAN,Ci)>e-x.^bnN\ 
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This suggests that the class of finite dimensional operator spaces E such that log koH„ C) /N"^ — )■ 
should be investigated. We call such spaces matricially subGaussian. 

In |16t[35] operator space versions of Grothendieck's theorem were proved in the form of a special 
factorization property for (jointly) completely bounded bilinear forms on E x F when A, B are C*- 
algebras and E C A, F C B are exact operator subspaces. In particular, when E = A,F = B this 
was proved for exact C*-algebras. In [13] this last result was extended to arbitrary C*-algebras. A 
remarkable, considerably simpler proof was recently given in |36j . In the case of "exact" subspaces 
E C A, F C B, the proof in [36] deduces the result of [35] directly from that of [16]. In this paper 
we introduce a larger class of operator spaces, that we call "subexponential" , for which the same 
Grothendieck type factorization property from \16\ |35] still holds. The known examples of non- 
exact operator spaces turn out to be also non-subexponential, but in ^ an example is constructed 
showing that the new class is strictly larger than that of exact operator spaces. The definition 
of "subexponential" involves the growth of a sequence of integers i— t- Ke{N,C) attached to 
an operator space E (and a constant C > 1), in a way that is similar but seems different from 
kE{N,C). We denote by Ke{N,C) the smallest K such that there is a single (embedding) linear 
map / : E ^ Mk satisfying 



VX G Mn{E) ||(/d0/)(x)||M^(A./^) < \\x\\m^(^E) < C\\{Id0f){x)\\M^iM^). 

Roughly the latter sequence is bounded iff E is exact while it is such that log Ke{N,C)/N — 
iff E is subexponential. For the non-exact example constructed in ^ we even have polynomial 
growth: we have KE{N,2 + e) E 0{N'^). There is a notion of "subexponential constant" analogous 
to the exactness constant, and we give estimates from below (of the same order) of that constant 
for the same examples {OHn, Rn + C„ or maximal spaces) for which lower bounds of the exactness 
constant are known. 

To tackle subexponentiality, we make crucial use of Gaussian random matrices and particularly 
of [11]. Let Y^^^ denote a random x A^-matrix with i.i.d. complex Gaussian entries with mean 

zero and second moment equal to N^^^'^, and let (Yj^^) be a sequence of i.i.d. copies of Y^^\ Let 
E C B{H) be an operator space. For any (ai, • • • , a„) G E"' we define 



(0.3) 



lim sup^_ 



(N) 



where-here and below-the norm is the minimal (or spatial) tensor norm (here this is simply the 
norm of Mi^{B{H)). Note that this is non-random. Indeed, by concentration of measure (see e.g. 
[18] ) we have almost surely 



limsup^_ 



(TV) 



E 



(N) 



0, 



and hence 



(0.4) 



lim supTv- 



(N) 



The main result of [12] implies that if E is 1-exact then 



(0.5) 
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where {Cj) is a free circular sequence in Voiculescu's sense, and the Hmsup is actuahy almost surely 
a limit. Indeed, it can be shown rather easily (by weak convergence) that 



< liminfAr_^oo 



(N) 



holds almost surely for any E. 

This result (jO.Sp was recently extended to unitary matrices (and a few other cases) by Collins and 
Male, see [1]. In that case, y(^) is uniformly distributed over the unitary group U{N) of all x 
unitary matrices, and (Cj) has to be replaced by a free family of Haar unitaries. 

If E is C-exact, then implies 1 1 1 (ai , • • • , a„) 1 1 1 < C|| (X" || . A fortiori this implies the 
following result proved in (prior to [E]): If E is C-exact, then 



(0.6) VnV(ai,--- ,a„)Gi?" |||(ai,--. , a„)|| | < 2Cmax{||( J] a*a,)^/'||, ||( a,-a*)i/2| 
A somewhat simpler proof can be derived from [3], see |341 Cor. 15.3] for details. 



The starting point of our study of subexponential spaces is the observation (that we made 
several years ago after reading [11]) that (j0.6p remains valid if E is C-subexponential. It might be 
worthwhile to study the class of operator spaces satisfying ()0.6p for some C. Moreover, it would be 
interesting to understand what kind of operator spaces appear in (j0.4p in the non subexponential 
case. 

Note: There is an obvious upper bound (for a fixed constant C) Ke{N,C) < NkE{N,C), so the 
growth of Ke is dominated by that oi Ue, but we know nothing in the converse direction. Various 
other questions are mentioned at the end of ^ 



1. Quantum Expanders 

Fix integers n, N . Throughout this paper we denote by the space of N x N complex matrices 
and by U{N) the subset of N x N unitary matrices. 

We identify with the space -6(^2^) of bounded operators on the A^-dimensional Hilbert space 
denoted by £2 ■ 

We denote by tr (resp. tn) the usual trace (resp. the normalized trace) on Mn- Thus tat = 
N-hi. We denote by 5f the Hilbert space obtained by equipping Mjv with the corresponding 
scalar product. The associated norm is the classical Hilbert-Schmidt norm. 

For simplicity we denote by 

H = L2{tn), 

i.e. H is the Hilbert space obtained by equipping the space M^v with the norm 

||^||^, = (iV-Hr(l^|2)V2 = ^-i/2||^||^^^. 

We denote 

Ho = {I}^ C H. 

Throughout this paper, we consider operators of the form T = (8) yj, with Xj,yj G M^v, that 
we view as acting on £2 (E> £2 ■ Identifying as usual £2 <8 £2 with 5^, we may consider T as an 
operator acting on Aljy defined by 

VeeM^ T{0 = Y.x,Cy,*, 
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and we then have \\^Xj (g) yj : ^ £^ ^ £^ (g) e^\\ = \\T : S^\\. Actually it will be 

convenient to view T as an operator acting on = L2{tn)- We have trivially 

l|r||B(i?) = ll^llB(Sf)- 

Let X = {xj) G (Mat)** and y = [yj) G (Mjv)". Let Orb{x) denote the 2-sided unitary orbit of 
X = (xj), i.e. 

Orb{x) = {{uxjv) \u,v e U{N)}. 

We will denote 

dix,y) = \\xj - 

and 

d'{x,y) = m{{d{x' ,y) | x' G Orb{x)} = iiiif{d{x' ,y') \ x' G Orb{x),y' G Orb{y)}. 

The last equality holds because of the 2-sided unitary invariance of the norm in S2 or equivalently 

of H = L2{tn). 

Definition 1.1. Fix 5 > We will say that x,y in M"^ are (5-separated if 

\\Y.Xj®yj\\<{l-5)\\Y,Xj®Xjt^''\\Y, Vj ® ir^' ■ 

A family of elements is called (5-separated if any two distinct members in it are (5-separated. 

Let X = {xj) G and y = {yj) G M'^ be normalized so that || J2 <^ 11 = 111^ Vj ® Vj II = 1- 
Equivalently, this definition means that for any ^, G Mjv in the unit ball of S2 we have 

I J]tr(x,ey,V)| <i-5. 

Using polar decompositions $, = u\^\ and rj = v\r]\, \ '^tr{xj^yjri*)\ = | X^tr(xj-u|^|j/||?7|t;*)|. Let 
Equivalently we have for any u, v unitary 

|^tr(x,|C|j/*H)l<l-<^- 
A fortiori, taking |^| = \r]\ = N~^^^I we find | TAr(xjy|)| < 1 — S and hence 

d{x,yf > 26 

and hence taking the inf over u, v unitary, the 5-separation of x, y implies 
(1.1) d'(x,y)>(25)V2. 

In other words, rescaling this to the case when n^/'^Xj,n^/^yj,^,ri are all unitary, we have proved: 

Lemma 1.2. Consider n-tuples x = (xj) G U{N)'^ and y = (yj) G U{N)'^ . If x,y are S-separated 
thend'{x,y) > (2(5n)V2. 

Recall that we denote 

Ho = {I}^. 

To any n-tuple u = (uj) G [/(AT)" we associate the operator (Y^Uj (g) Uj){l — P) on (g) 
where P denotes the ^-projection onto the orthogonal of 7 = (g Ej. Equivalently, up to the 
normalization, we will consider 

T: Ho^Ho 
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defined for all ^ G i/o by 



We will denote by = Se{n, N) C ?7(iV)" the set of all n-tuples u = (uj) G ^/(iV)" such that 

||r : Ho^ Ho\\< en. 
Equivalently, this means Vx G M^r, we have 



Definition 1.3. Let < e < 1. An n-tuple u = (uj) G U{N)^ will be called e-Ramanujan if 



We will denote by = Rein, N) C U (A^)" the set of all such n-tuples 

We refer to [20^ [TS] for more information on expanders and Ramanujan graphs. 

Remark 1.4. Recall (see [301 P- 324. Th. 20.1]) that for any n-tuple of unitary operators on any 
Hilbert space H we have 



Note that 2\/ri^^ < n for all n > 3 (so there is also an < e < 1 such that 2^/n — 1 + en < n). 
Our goal is to prove the following: 

Theorem 1.5. There are absolute constants /3 > and 6 > such that for each < e < 1 and 
for all sufficiently large integers n and N , more precisely such that n > uq and N > Nq with no 
depending on e, and Nq depending on n and e, there is a 6-separated subset 



Remark 1.6. Actually, the proof will show that if we are given sets C C/(A^)" such that a = 
mf]\fF{Aj\f) > 0, then we can find a subset T as above with T C An H Rg, but with 5, j3, no and 
Nq now also depending on a. 

Remark 1.7. The order of growth of our lower bound exp /3nA^^ in Theorer dl.5l is roughly optimal 
because of the upper bound given in [6]. The latter upper bound can be proved as follows. Let m,max 
be the maximal number of a (5-separated family in U{N)^. Consider the normed space obtained 
by equipping M{N)"' with the norm |||x||| = || Cg) Then since its (real) dimension is 

2nN'^, by a well known volume argument ( \28\ p. 49-50]) there cannot exist more than [1 + 2/5')^^^^ 
elements in its unit ball at mutual |||.|| [-distance > 5'. Note that d{x,y) < |||x — y||| for any pair 
x,y in M{N)". Thus, if u, f G U{N)^ are (5-separated in the above sense then x = n~^^'^u and 
y = n~^^'^v are in the |||.|||-unit ball and by (jl.ip we have |||x — y||| > (2J)^/^, therefore 




T : Ho^ HoW < 2Vn - 1 + en. 




TcRe 



such that 



T\ > expl^nN"^. 



m^ax < (1 + VVS) 



2nN^ 



< exp{2y27^ nN^}. 
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Remark 1.8. Let G be a Kazhdan group (see [I]) with generators ti, • • • so that there is 5 > 
such that II X^"7r(tj)|| < n(l — 6) for any unitary representation without any invariant (non zero) 
vector. Let I = I{N) denote the set of A^-dimensional irreducible representations vr : G — )■ U{N). 
It is known (see [1]) that the latter set is finite and in fact there is a uniform bound on |X(A^)| for 
each N. For any vr G T we set 

u]=7r{t,). 

Then 

sup II (g) ujll < n(l - J), 

SO that the family {u'^ | vr G T} C C/ (A^)" is (5-separated in the above sense. By the preceding 
Remark, we know |X(A^)| < mmax ^ expc^nA^^. The problem to estimate the maximal possible 
value of |X(A^)| when — )• oo (with 6 and n remaining fixed, but G possibly varying) is investigated 
in [22\ : some special cases are constructed in [22j for which |X(A^)| grows like expcA^, however we 
feel that Theorem 11.51 gives evidence that there should exist cases for which |X(A^)| grows like 
exp cN'^. 

We will make crucial use of a result due to Hastings |14) : 

Lemma 1.9 (Hastings). // we equip U{N)^ with its normalized Haar measure P, then for each n 
and e > 

lim F{R,{n,N)) = 1. 

N->oo 

We will also use the following Lemma that is inspired by a non-commutative variant of results 
in [27j (see also [26] where the non-commutative case is already considered) in the style of [21] (see 
also IHl El]). We view this as a (weak) sort of non-commutative Sauer lemma, that it might be 
worthwhile to strengthen. 

Lemma 1.10. Let a > 0. Let A C U{N)^ he a (measurable) subset with V{A) > a. Then, for any 
c < \/2, A contains a finite subset T C A with 

\T\ > aexp KrnN^ , 

such that 

\/sy^t£T d{s,t)>cy/n 
where r = (1 — c^/2)^ and K is a universal constant. 

Assuming moreover that a > exp —KnN'^/8, we find that A contains a finite subset T C A with 

\T\ > ex.pbnN^, 

such that 

\/sy^t£T d{s,t)>y/n 
where b = K/8 is an absolute constant. 

Proof. Let 0, = U{N)^. We may clearly assume (by Haar measure inner regularity) that A is 
compact. Let T C A be a maximal finite subset such that t £ T d{s,t) > c^fn. Then, by 

the maximality of T, A is included in the union of the open balls with center t G T and d-radius 
c^/n. By translation invariance of d and P, all these balls have the same P-measure equal to -F(c). 
Therefore a < ¥{A) < \T\F{c) and hence 

aF{c)-^ < \T\. 



8 



Thus we need a lower bound for F{c) ^. Let u denote the unit in U{N)"' so that uj = 1 for 
1 < J < Using a ball centered at u to compute F{c), we have 

F(c) =P{w E [/(iV)" I ^"trdcjj - if) < c^nN}. 
Since X^i ^^(I'^i ~ Ip) = 2iVn — 2J2i ^tr{ujj), we have 

F{c) = F{uj I mv{ujj) > nN{l - c^/2)}. 

We will now use the known subGaussian property of ^fitv{ujj): there is a universal constant K 
such that for any A > we have 

(1.2) P{a; I mr{ujj) > A} < exp -K\^/n. 

Taking this for granted, let us complete the proof. Fix c < \/2- Recall r = (1 — > 0, this 

yields 

F{c) < exp -KnN'^r. 

Thus we conclude that 

|T| > aexj) KrnN'^ . 

In particular taking c = l,r = 1/4, we see that if we assume a > exp —KnN'^ /8 we find |T| > 
exp{KnN'^/8). 

Let us now give a quick argument for the known inequality (|1.2p : We will denote by y(^) a 
random N x A^-matrix with i.i.d. complex Gaussian entries with mean zero and second moment 
equal to N^^^'^, and we denote by {Yj'^^) a sequence of i.i.d. copies of Y^^K It is well known that 
the polar decomposition y(^) = C/|y(^)| is such that U is uniformly distributed over U{N) and 
independent of Moreover if we let xn > be defined by Ely^-^^^l = xnI, then we have 

X = ini ]\fXN > 0. See e.g. [211 p. 80]. Therefore, we have a conditional expectation operator £ 
(corresponding to integrating the modular part) such that ^ Ktr(cL!j) = Xn^£{Y1 Ktr(Yj-^^-'), where 
ujj denotes the unitary part in the polar decomposition of y}^'' . 

Then, since x i— )• exp wx is convex for any tt; > 0, we have the announced subGaussian property 

Eexpu; ^ Ktr(a;j) < Eexpu;^^^ Yl '^^^i^}^^) = ^wiXN^w'^n/A), 

from which follows, by Markov's inequality, that P{^3fttr(a;j) > A} < exp(x~^tf^^?^/4 — Xw) and 
optimising w so that A = x~^w;'^/2 we finally obtain 

F{Y^mv{LOj) > A} < exp(-KAVra), 

with K = x^ . The above simple argument follows [21, ch. 5], but, in essence, (II. 2p can traced back 
to [Hi Lemma 3]. □ 

The next Lemma is a simple covering argument. 

Lemma 1.11. Fix b,c > 0. Let T C U{N)^ be a subset with \T\ > expbnN"^ and such that 
d{s,t) > c^/n ys ^ t ^ T . Fix d < c/2 and b' < b. Then there is an integer no such that if n > riQ 
there is a subset T' C T with \T'\ > expb'nN'^ and such that d'{s,t) > c'^/n \/s ^t £ T' . 
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Proof. Let T' C T be a maximal subset such that d'{s, t) > c'y/n \/s ^ t & T' . Then for any t £ T 
there is t'{t) £ T' such that d'{t,t'{t)) < d^/n. This means that there are u{t),v{t) G U{N) such 
that d{t,u{t)t' {t)v{t)) < d^/n. Fix e > 0. It is well known (this is an easy case of [37j[p. 175]) that 
there is an e-net S C U{N) with respect to the operator norm with |5| < {K/eY^ (indeed we can 
even cover the unit ball of M^y and argue by a simple volume argument such as in [25] [p. 49-50]). 
In any case, this gives us |5| < exp 2A''^ log(K/e). 

Replacing u{t),v{t) by their approximation in S, we can find u{t),v{t) £ S such that ||M(t) — u(t)|| < 
e and \\v{t) — v{t)\\ < e. By an easy argument this yields d{t,u{t)t'{t)v{t)) < d^/n + 2£\fn. 
Assume that |T'| < expfuN"^. Then 

\S xT' xS\< eiip{N^{b'n + 41og(K/e))). 

There is clearly an integer no(e) such that b'n + 41og(i^/e) < bn for all n > no(e), so that 
\S X T' X S\ < \T\. Then by the pigeon hole principle, there must exist ti ^ t2 in T such 
that u{ti)t'{ti)v{ti) = u{t2)t' {t2)v{t2)- Let us denote by 9 this common value. We have then 
d{ti,e) < {d + 2e)VH and d{t2,0) < {d + 2e)^/E. Therefore d{ti,t2) < 2{d + 2e)^/E. Now if 
d < c/2 we can choose e > such that 2(c' + 2e) < c. By our assumption on T, this is impossible. 
This contradiction completes the proof. □ 

Lemma 1.12. Fix < e < 1. Consider u = {uj) G C U{N)'^. Consider the function 5 i— t- f{5) 
defined by f{5) = V2{6 + 2^2(26 -6^ + e)V2)i/2_ ^p^^ ^^^n ^ ^^-^ ^ 2^/^{26 + e)^/^). 
Then for any < 6 < 1 and any v = (vj) E such that W^^Vj <E> Vj\\ < n the condition 

(1.3) d'iu,v)>fi6)V^ 
implies 

(1.4) \\^Uj(^Vj\\<n{l-S). 

Conversely, it is easy to show that for any v = {vj) G U (N)^ (or merely such that J2 ''"Af(kjP) = n-) 

II Uj (8) Vj II < n(l — 6), 

implies 

d'{u,v) > V2^. 

Proof. Assume by contradiction that II ^ (8) II >n{l — 5). Then there are ^, in the unit sphere 
oi H = L2{tn) such that 

^TNC^Ujiv*jr]*) > n(l - 5). 
Let ^ = f7|^| and r/ = V\r]\ be their polar decompositions, and let Wj = V*UjU so that we can write 

(1.5) ^TN{Y,Wj\i\v*\r^\)>n{l-5). 

Note that since n^-u and v(^^v preserve / (and hence /^), we have ||T^„|| = ||7u||. Therefore w £ S^. 
Using the scalar product in H we have 

Y.M'''n.M\''\H''\\i\''')>n{l-5), 

and by Cauchy-Schwarz (here the norm is in H) 

(E \M"'-^M\'"\?r' (E \M"Wi\"'\?f" > -(1 - 
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Note that since HX^^'j ^ Vj\\ < n we have {{^Vj ® Vj)\£,\,\r]\) = ^\\\'r]\^^'^Vj\S,\^^'^\\'^ < n, and 
similarly with wj in place of Vj. Thus the last inequality implies a fortiori 

(1.6) {{J2wj^WjMl\v\)>n{l-5f, 

and the same with vj in place of Wj. Let e = (1 — P)\(,\ and d = (1 — i^)!?/]. Note 

= (T^e,d) + nr^(|C|)T^(|77|) <en||e||||(i|| +nriv(|Cl)Tiv(kl). 
Since tn , {\7]\) are both < 1, (jl.6p yields both 

\\m\\=rNm)>il-Sf-e and ||P|^| || = r;v(|r?|) > (1 - 5)^ - e 
and hence assuming (1 — (5)^ — e>0 

lllel-lf = 2-2r^(|C|) <2(l-(l-5)2 + e) and |||ry| - if = 2 - 2r^(|r?|) < 2(1 - (1 - 5)^ + e). 
Let e = (2(1 - (1 -(5)2 + e))V2^ so that \\\^\ - l\\ < 9 and |||r/| - 1|| < 9. This implies 

^TNiY^^Ml^M) ^ 'firr.i^wjv*) + ?fiTr,{^WjV*M - 1)) + 5Rr^(^ ^^.(|^| - l)v*\r^\) 

< ^TNC^WjV*) + 29n. 

Going back to (jl.Sp we find 

^tn{J2 ^i^j ) >n{l-5- 29). 

The latter is the real part of the scalar product in ^2 (^) oi w = (wj) and v = {vj) which are both 
in the ball of radius ^/n. Therefore we deduce from this 

d{w, vf <2n- 2Rtn{Y^ ^i^i ) < ^^^^ + 
Note that f{S) = {2{S + 2e)y/^, so that we have d{w,v) < f{6)^/n. 

Thus we have proved that || ''^ill > "-(1 ~ ^) implies d'{u,v) < f{5)y/n, at least provided 

(1 - (5)2 - e > 0. This is equivalent to the fact that ([L3|) implies ([Ll])- Moreover, if (1 - (5)^ - e < 
then f{5)>2 so that (11.3P is impossible. 

Now assume conversely that (11.40 holds. Note that ()1.4p remains true for any w G Orb{u): 
Indeed, for all s,t £ U {N), we have ^ sujt(dvj = {si^I){J2 Uji^Vj){ti^I) and hence || ^ sujt(S'Vj\\ = 
II ^ tij(8't^j||. Therefore it suffices to show that (II. 4p implies d{u, v) > V26n. Then, using ^ = rj = I, 
we find 

^tnC^ujv*) < (l-(5)n. 
Since we assume Uj,Vj all unitary, we have ^ 1 1 1 1 If = n = Yl IWjW'h- Therefore, 
d{u, u)2 = ||iij — VjWfj = 2n — 2jRrjv(y~^ UjV*) > 25n. 

□ 

Proof of Theorem \1.5[ Fix e > 0. When n is large enough (say n > no(e)) we have clearly i?£/2 C 
S'e, and hence by Hastings' Lemma 11.91 there is NQ{e) such that P(S'£) > 1/2 with a = 1/2 for all 
N ^ -^o(^)- By Lemmas 11.101 and 11.111 assuming n large enough (say n > uq) there is T' C 
with |r'| > ex.pb'nN'^ such that d'{s,t) > d^/n for all s 7^ t G T', where 6',c' are positive absolute 
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constants. We now invoke Lemma 11.121 Note that lim5_).o f{d) = 2^/^e"^/^. Therefore for any 
e < (c'/8)^ we find lim^^o /(^) ^ c'/2. Therefore there is a numerical value oi S > such that 
f{6) < c', and hence d'{s,t) > f{5)y/n for all s / i G T' . Then Lemma [1.121 ensures that the set 
T' is (5-separated for that value of 6. Since we have T' C C Re we obtain the desired conclusion 
(when e < (c'/8)^) with /3 = b'. This completes the proof since (by the monotony of e — t- R^) the 
remaining case e > (c'/8)^ is trivially a consequence of the one when e < (c'/S)^. □ 

Remark 1.13. Lemma 11.121 has the following consequence: Assume u = (uj) E and let f{5) be 
as in Lemma ll.121 Then for any v = {vj) € U{k)'^ with k < {1 — f{6)'^)N we have 

II Uj (g) Vj II < n(l — 5). 

Indeed, if || Yl^j ^jll > '^(l ~ then we set v'j = f j © G M^r so that || — ''^i 

and also || Yl'^j ® > "-(^ ~ Lemma [1.121 it follows that d'{u,v') < f{5)y/n. But since 

K-u^., v^-)| < k/N for any n^- G ?7(iV), we have d(n',i;')^ =n + n{k/N) -2^{u'j,v'j) > n{l - k/N), 
and hence d'{u,v') > ^/n{l - k/Nfl'^, which leads to (1 - k/N)^/"^ < f{6). This contradiction 
concludes the proof. 

2. Application to Operator Spaces 

We start with a specific notation. Let u : E ^ F he a linear map between operator spaces. We 
denote for any given > 1 

UN = Id®u: Mn{E) ^ Mn{F). 

Moreover, if E, F are two operator spaces that are isomorphic as Banach spaces, we set 

d^(^,F) =inf{||^/^||||(n-i)^||} 

where the inf runs over all the isomorphisms u : E ^ F. We set dis[{E,F) = oo if E,F are not 

isomorphic. 

Recall that 

llullcb = SUpjv>l ||«Af||- 

Recall also that, if E, F are completely isomorphic, we set 

dcbiE,F) = inf{||n||cf,||n"^||cb} 

where the inf runs over all the complete isomorphisms u : E ^ F. 

We will apply the preceding to MAr-spaces. When = 1, the latter coincide with the usual 
Banach spaces. When A^ > 1, roughly the complex scalars are replaced by M^y. 

Let (Ai)i^i be a family of von Neumann or C*-algebras. Let Y = (Bi^iAi denote their direct 
sum. This can be described as the algebra of bounded families {aiji^i with ai G Ai for all i G I, 
equipped with the norm ||a|| = supjg/ ||fli||- We will concentrate on the case when Ai = M^r for 
all i £ L In that case, following the Banach space tradition, we denote the space Y = (Bi^iAi by 

Definition 2.1. An operator space X is called an Mjv-space if, for some set /, it can be embedded 
completely isometrically in £oo{F, M^)- 
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Our main interest will be to try to understand for which spaces the cardinality of / is unusually 
small. 

To place things in perspective, we recall that for any (complex) Banach space X there is an 
isometric embedding J : X ^ C) defined by {Jx){(j)) = (j){x). Here / is the unit ball, denoted 

by Bx*, of the space X*. 

In analogy with this, for any MAr-space there is a canonical completely isometric embedding 
J : X ^ £oo{I]M]\r) defined again by (Jx)((/>) = ^(x), but with / = B(jb(x,Mn) place of Bx*- 
The space £oo{I] Mn) can alternatively be described as (B^^fZi with Zi = Mn for all i G /. 

Just like operator spaces, M^v-spaces enjoy a nice duality theory (see [19l [23] for more infor- 
mation). Indeed, by Roger Smith's lemma, we have \\u\\cb = \\un\\ for any u with values in an 
MTV-space (see e.g. [30l p. 26]), and MTv-spaces are characterized among operator spaces by this 
property. The following reformulation of Smith's Lemma is useful. 

Lemma 2.2. Fix an integer N >1. Let E C B[H) he a finite dimensional operator space and let 
c> 1 be a constant. The following properties are equivalent. 

(i) For any operator space F and any u : F ^ E we have \\u\\cb < c||ti7v||- 

(ii) There is an Mjy-space such that dcb{E,E) < c. 

(iii) Let C be the class of all (compression) mappings v : E ^ B{H', H") of the form x i— )• P//"X|/// 
where H',H" are arbitrary subspaces of H of dimension at most N. Let J : E ^ (Bvec^v with 

= B{H',H") be defined by J{x) = ®^(zcv{x), and let E = J{E). Then dcb{E,E) < c. 

Proof, (ii) =^ (i) follows from Roger Smith's lemma and (iii) =^ (ii) is trivial. Conversely, if (i) 
holds, let E be the MAr-space obtained using the embedding J : E ^ ©„gcZ„ appearing in (iii). 
Obviously \\E — )• E\\cb < 1- Let us denote by u : E ^ E the inverse mapping. A simple verification 
shows that \\un\\ = 1 and hence (i) implies \\u\\cb < c. In other words (i) =^ (iii). □ 

Therefore, when X is an Mjv-space, the knowledge of the space Mj\f{X) determines that of 
Mn{X) for all n > N, and hence the whole operator space structure of X. 

Given a general operator space X C B{H), by restricting to Mn{X) (and "forgetting" M„(X) 
for n > N), we obtain an M^r-space Mjv-isometric to X. We will say that the latter MAr-space is 
induced by X. 

Conversely, given an M^r-space X there is a minimal and a maximal operator space structure on 
X inducing the same M^r-space. When = 1, we recover the Blecher-Paulsen theory of minimal 
and maximal operator spaces associated to Banach spaces, see [19^ [23] for more on this. 

Let E he a finite dimensional operator space. For each integer A^, let E[N] denote the induced 
M^v-space. Then it is easy to check that E can be identified (completely isometrically) with the 
ultraproduct of {^^[A^]} relative to any free ultraproduct on N. Thus the operator space structure 
of E can be encoded by the sequence of M^v-spaces {-E[A^] | A^ > 1}. Note that E[N] is induced by 
-^[A^ + 1] for any A^, so that one could picture the set of n-dimensional operator spaces as infinite 
branches of trees where the A^-th node consists of an M^v-space, and any node is induced by any 
successor. 

We can associate to each M^r-space a dual one X^ , isometric to the operator space dual X*, 
but defined by 

Vn G N Vy G M„(Xt) ||y||M„(xt) = sup{||(/ » /)(y)||M„(M^) I / G M^(X), ||/||m^(x) < 1}, 

where we view M]\[{X) as a subset of CB{X* , M]\f) in the usual way. In other words we have a 
completely isometric embedding J| : X^ — )• £oo{L; Mn) defined by 
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Just like for operator spaces, there is a notion of "Hilbert space" for Mjy-spaces. Wc will 
denote it by OH{n,N). The latter can be defined as follows. Fix N. Let S{n,N) (resp. B{n,N)) 
denote the set of n-tuples x = (xj) in Mjv such that || a^j || = 1 (resp. || 'S' < !)• 
Then S{n,N) (resp. B{n,N)) is the analogue of the unit sphere (resp. ball) in the MAr-space 
OH{n, N). The space X = OH{n,N) is isometric to with its orthonormal basis (cj), and 
embedded into £oo{I',Mn) with / = B{n,N) (we could also take / = S{n,N)). The embedding 
Joh ■■ OH{n, N) £^{I; Mpf) is defined by 

Vj = 1, • • • , n Johiej) = ®xeB{n,N)Xj- 

The latter is the analogue of n-dimensional Hilbert space among Mjv-spaces, and indeed when 
iV = 1 we recover the n-dimensional Hilbert space. 

Definition 2.3. Let E be an operator space with basis (cj). Let be the biorthogonal basis of 
E*. Let X = X] ® G Mn{E) and y = ^Uj <^ £,j G Mn{E*). Assuming x and y 7^ 0, we 
say that y Mjv-norms x (with respect to Mn{E)) if 

II ^.Xj Cx)yj-|| = \\x\\M^{E)\\y\\M^{E*)- 

In the particular case when E = OHn, we slightly modify this (since E* = E): Given x,y E 
Mj^{OHn), we say that y M^v-norms x if 

II ^ Xj ® II = II ^ Xj (g) % f /2 II ^ yj (g) yjf/^ . 

Let X G M]\f{E). For a, 6 G Mj^ we denote by axb the matrix product (i.e. (a ® l)x(5 1) in 
tensor product notation using Mat (-E) = M^r <8) ^) . We denote 

Orb{x) = {uxv G Mn{E) \u,v e U{N)}. 

Note that if y G Mn{E*) MAr-norms x then the same is true for any y' G Orb{y) C M]\f{E*). 
Actually, any y' G Orb{y) Mjv-norms any x' G Orb{x). 

Definition 2.4. We say that x G Mn{E) is an MAr-smooth point of Mn{E) if the set of points y 
in the unit sphere of Mn(E*) that Mjv-norm x is reduced to a single orbit. 

The following simple Proposition explains the direction we will be taking next. 

Proposition 2.5. Let x, y G Mj^{OHn). Assume 

X = {xj) G U{NY and ||T^ : Hq Ho\\ < n, 

where = Y1 

(1 — P) (i.e. Tx has a spectral gap at n). 
Then y norms x with respect to MN{OHn) iffy is a multiple of an element of Orb{x), i.e. iff there 
are A > and u,v G U (N) such that yj = Xvxju for all I < j < n. 

Proof. Recall that whenever the finite dimensional unitaries we have || ^Xj^xj 

II 1/2 = 

Assume y is a multiple of an element of Orb{x), i.e. yj = Xvxju for some non zero scalar A (that 
may as well be taken positive if we wish). Then ||X^Xj (8) yjW = |A|n, ||x||jvfjy(oi7^) = ^/n and 
\\y\\MN{OHn) = |A|Vn, so indeed y norms x. 

Conversely, assume that y norms x. Multiplying y by a scalar we may assume that ||y||M;v(0^fn) ~ 
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-^/n, and || (8) yj\\ = \\ (8" Xj\\^^'^^/n = n. Let .^,7/ in the unit sphere of H = L2(r„) such 

that 

^TN{xj^y*V*) = n. 

Let ^ = u\^\ and rj = v\r]\ be the polar decompositions, and let x'^ = v*XjU. Using the trace 
property, this can be rewritten using the scalar product in H as: 

and hence since n~^/^(|r/|^/^Xj|^|^/^), n~^/^(|ry|"'^/^yj l^l"*^/^) are both in the unit ball of the (smooth!) 
Hilbert space i2{H), they must coincide. Moreover they both must be on the unit sphere. Therefore 

Wlvl^^'^x'jl^l^^'^W'H ~ ^- Equivalently 'Yl'T'i~j{x'-\^\x'*\ri\) = n. But we have obviously ||T^/ : Hq 
Hq\\ = \\Tx : Hq — )• HqW < n. Therefore |^| and \rj\ must be multiples of /, so that by our 
normalization we have = |r/| = I, and we conclude that y = x'. □ 

In other words, the preceding Proposition shows that quantum expanders constitute MAr-smooth 
points of Mi^{OHn)'- 

Corollary 2.6. Assume x = (xj) £ U{N)^. Then x = '^Xj ® ej is an MN-smooth point in 
MN{OHn) iff \\T, : ^0 ^ HoW < n. 

Proof. The "if part" follows from the preceding statement. Conversely, we claim that if HT^; : Hq — ?■ 
Hq\\ = n then x is not an M^v-smooth point in Mf^{OHn)- Since this claim is unchanged if we 
replace x by any x' in Orb{x), we may assume that xi = 1. Then if \\Tx : Hq — )• Hq\\ = n, there 
is 7^ ^ G Hq such that = n||^||, and hence (by the uniform convexity of Hilbert space) 

Xj^x*- = x\^x\ = ^ for all j. This implies that the commutant of {xj} is not reduced to the scalars, 
and hence in a suitable basis Xj = x j © G MjVi © Mj^^ for some Ni,N2 > 1 with A^i + A''2 = A''. 
Then the choice of yj = x j © produces y £ not in Orh{x) and such that || "Yl^j VjW — 
Thus X is not an MAr-smooth point in M^{OHn), proving our claim. □ 

Remark 2.7. Let E be any n-dimensional operator space with a basis (cj). Assume that for 
any u = (uj) G U{N)"- we have 11^% (g) ej\\Mf^{E) = and also that HXl'^i <^ ^j\\MN{E) < 
II Yl'^j ^jW^^"^ ^ ~ i^j) ^ ^N- Then, by the same proof, for any x = (xj) G U{N)'^ such 

that ||Ta; : Hq — )• Hq\\ < n as above, the point x = xj ej is an MAr-smooth point in Mn{E). 
Indeed, any y in the unit ball of Mn{E*) that MAr-norms x with respect to M]\f{E) is a fortiori in 
in the unit bah of MN{OHn). 

Lemma 1 1 . 1 2 1 ab ove can be viewed as a refinement of this: assuming \\Tx : Hq — )• Hq\\ < en we 
have a certain form of "uniform" smoothness at x, the points that almost MAr-norm x up to 6n are 
in the orbit of x up to f{6)n. 

Notation: Let E he a, finite dimensional operator space. Fix C > 0. We denote by kE{N,C) the 
smallest integer k such that there is a subspace F of Mjy © • • • © Mat (with Mat repeated /c-times) 
such that dN{E,F) < C. 

Note that for any E C M„ we have kE{N, 1) = 1 for any N > n. 

The next statement is our main result in this §. It gives a lower bound for kE{N,Ci) when 
E = OHn- We will show later (see Lemma 12. lip that a similar upper bound holds for all n- 
dimensional operator spaces. Thus for E = OHn (and also for E = f" or E = Rn + Cn, see Remark 
I2.10p the growth oi N ^ ks^N, Ci) is essentially extremal. 
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Theorem 2.8. There are numbers Ci>l,b>0,nQ>l and a function n i— )■ Nq^u) from N to 
itself such that for any n > uq and N > Nq^u), we have 

koHAN,Ci)>expbnN\ 

We start by recalhng the classical argument dealing with the Banach space case, i.e. the case 
= 1. Let E be an n-dimensional Banach space. Assume that, for some C > 1, E embeds 
C-isomorphically into For convenience we write C = (1 — for some 6 > 0. Our embedding 
assumption means that there is a set T in the unit ball of E* such that for any x G E we have 

(2.1) (1 < sup|t(x)| < 

ter 

Then for any x in the unit ball of E, there is t^ £ T and lOx € C with \ujx\ = 1 such that 
1-S <^{ujxtx{x)). 

Now assume E = i^- Then identifying E and E* as usual, we see that \ — 6 < "^{(jJxtxix)) 
implies ||x — ti^x^xlP < 25. In the case of real Banach spaces, uJx = ±1 and we conclude quickly, 
but let us continue for the sake of analogy with the case > 1. We just proved that the set 
{wt I w e T, i E T} is a \/25-net in the unit ball of ^ = Fix e > 0. Let iV(e) ^ 2ti/£ be such 
that there is an e-net in T. It follows that there is a (25 + e)-net M in the unit ball oi E = £2 with 
\J\f\ < A^(e)|7'|. But by a well known volume estimate (see e.g. [W; p. 49-50] ), any J'-net in the 
unit ball of E = £'2 must have cardinality at least (1/5')". Thus we conclude (25 + e)~" < A^(e)|7'|. 
Taking say e = 6 this yields 

(2^)-i3-"(i/5)"~i < in. 

Thus we find that for any 5 < 1/3 (actually a simple modification yields the case 6 < 1/2) there is 
a number b > for which we obtain |7~| > exp6n, and hence /co //„(!> (1 ~ ^)~^) ^ exp6n. 
Remark 2.9. The preceding argument still works when E is uniformly convex with modulus e 1— t- 
5(e). This means that if xi, X2 in the unit ball satisfy llxi —X2 II > e then ||(xi+X2)/2|| < 1 — 5(e). 
Indeed, the only property we used is that for any e > there is r > such that xi,X2 £ Be and 
e Be* satisfy 

5}?(ei(xi)) > 1-r K(e2(x2)) > 1-r and ||6-6ll<r, 

then we must have ||xi — X2II < e. To check this note that 

\\{xi + X2)/2\\ > \Ciixi + X2)/2\ > |ei(xi)/2 + C2{x2)/2\ - Ui - 611/2 > 1 - r - r/2 

thus if r = 5(e)/2 then we have ||(xi + X2)/2|| > 1 — 5(e) and hence we must have ||xi — X2II < e. 

A completely different proof, with no restriction on 5 or equivalently on the constant C can be 
given by a well known argument using real or complex Gaussian random variables. We restrict to 
the real case for simplicity. Let 7^ be the canonical Gaussian measure on M". Assume (|2.ip . Let 
q = f exp(x^/4)7i((ix) < 00. Note that since T is included in the unit ball we have 

exp(supt(x)^)7n(dx) < / expt(x)^7„((ix) < g|T|. 

But by (12. ip . if we reset C = 1 — 5, we find 

( j exp(C-2|x|2)7i(dx))" < J exp{C^Y,\xj\^hn{dx) < J exp(sup t(x)2)7„(dx) < q\T\. 

Thus if we define b = be > hy J exp(C^^|xp)7i((ix) = exp6, we find |T| > q~^ex.pnb and we 
conclude 

koH„{'f,C) > q'^expbcn. 
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Proof of Theorem \2.8[ The proof follows the strategy of the first proof outlined above for = 1, 
but using Theorem 11.51 instead of the lower bound on the metric entropy of the unit ball of £2- 
Consider an n-dimensional operator space E. Let k = kE{N,C). Let again C = (1 — 5)~^. Then 
there is a set T with \T\ = k and completely contractive mappings (t>t : E ^ M]\f such that 

(2.2) Vx G Mn{E) (1 - 5)\\x\\M^iE) < snpt^r\\i^t)N{x)\\ 

Let ej be a basis for E so that each x can be developed as x = ^ Xj (S" G (g) E. Let 
y{t) G Mn{E*) be the element associated to 4>t '■ -E — )• M^- Let G E* be the basis of E* that is 
biorthogonal to (cj). Then (or equivalently (j)t) can be written as y{t) = ^ yj{'t)^ej G M^^E* . 
Then (|2.2p can be rewritten as: 

Mx G M7v(£;) (1 - 5)\\x\\mi,{e) < supterll ® ^J'^^^IIa^jvCMjv)- 

Moreover each y{t) is in the unit bah of Mn{E*) = CB{E, Mn)- We now assume E = OHn- Fix 
e > (to be determined later). Let us denote by the set appearing in Theorem 11.51 This gives 
us 

Vx = (xj) GTe (1 - (5)n^/2 < supigT- 1| ^ Xj (g) yj(t)||Mj^(Mjv)- 
Let v{t) = {vj{t)) G be associated to y/ny{t)^ so that we have 

Vx = {xj) G T (1 - (5)n < suptgT- 1| ^ x^ %(t)||A%(Afjv)- 

For any x G Tg there is a point tx £ T such that 

(l-(5)n< \\^Xj(g)Vj{tx)\\. 

Let = {vj{tx)). By Lemma ll.l2t the last inequality implies d'{x,Vx) < f{^')^/n for any 5' > 
and hence d'{x, Vx) < f{5)^/n. Moreover by the second (much easier) part of Lemma [1.12l we know 
that d'{x,y) > \/25on for any x / y G T^, since x,y are (5o-separated. We claim that after suitably 
adjusting the parameters we have iTgl < \T\- Indeed, assume that |Te| > \T\, then there must exist 
X ^ y £ Tir such that Vx = Vy. We have then 

\/2(5on < (i'(x, y) < d'(x, w^,) + d'{vx,y) = d'{x, Vx) + d'{vy, y) < 2f{5)^/n 

and hence ^/26Q < 2/(5). But we can clearly choose e > and 5 = 61 > Q small enough so that 
2f{6i) < V260, so this contradiction proves our claim that IT^I < |T|, and hence |T| > exp/3nA^^ 
at least for 6 = 61 > 0. Let Ci = (1 — 5i)~^. Thus we have proved koH„{N, Ci) > exp f^nN'^. □ 

Remark 2.10. Let E be any n-dimensional operator space with a basis (cj). Assume that there is a 
scaling factor c > (that does not play any role in the estimate) such that for any u = (uj) G U{N)'^ 
we have c|| Yl'^j ^jllAfjv{_E) = and also that c|| (g Cj < || ® OjH"^''^ for all 
a = (aj) G MJ^. Then, arguing as in Remark 12.71 we find kE^N, Ci) > exp f3nN'^ . This shows that 
this estimate is valid for Rn + Cn (take c = 1) and for equipped with its maximal operator space 
structure (take c = n~-^/^). 

We now turn to the reverse inequality to that in Theorem 12.81 This general estimate is easy to 
check by a rather routine argument. 
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Lemma 2.11. Let E he an n- dimensional operator space, then for any < 5 < 1 we have 

kE{N,{l-6)-^) < (1 + 25-1)2"^'. 
Therefore, for any operator space X , any finite dimensional suh space E C X we have 

logkEiN,C) 
VC > 1 limsup —5 < 00. 

Proof. Let x G Mn{E) and let x : E* ^ denote the associated linear mapping. Recall 
ll"^!! ~ ll-^llcb- -By Lemma [2^ ll-^llcfe = sup{ II (x)7v(y) 1 1 Mjv(Mjv) I y e Btv} where we denote here by 
Bjsj the unit ball of Mpf{E*) viewed as a real space. Since the latter ball is 2nA'^^-dimensional, it 
contains a 6-net {yj | i < m} with cardinality m < (1 + 25~^)'^^^ (see e.g. [28\ p. 49-50]). By an 
elementary estimate, we have then (for any x G M]\f{E)) 

(2-3) sup \\{x)N(yi)\\ < \\x\\cb = \\x\\ < (1 - sup \\{x)N{yi)\\- 

Let u : E ^ (Bi<m^N be the mapping defined by (here again yi : E ^ is associated to yi) 

u{e) = ®i<myi{e) 



for any e G E. Let F C ©i<m-^Af be the range of u. Then (j2.3p says that ||nAr|| < 1 and 



\u 



n\\ < 1 + 5, and hence (iAr(£;,F) < (1 - (5)"^ Thus A:ij(iV, (1 - (5)"^) < m. □ 

Definition 2.12. An operator space X will be called matricially C-subGaussian if 

logfc^(iV,C) 
hmsup 7^ = L). 

for any finite dimensional subspace E C X. We say that X is matricially subGaussian if it is 
matricially C-subGaussian for some C > 1. (See Remark 13.21 for the reason behind "matricially"). 
Note: If X itself is finite dimensional, it suffices to consider E = X. 
We will denote by Cg{X) the smallest C such that X is matricially C-subGaussian. 

The preceding result (resp. Remark I2.10p shows that when C < Ci, then OH (resp. ii or 
R + C) is not matricially C-subGaussian. In sharp contrast, any C-exact operator space (we 
recall the definition below) E is clearly matricially C-subGaussian since, for any c > C, it satisfies 
kE{X, c) = 1 for all N large enough. We do not know whether conversely the latter property implies 
that E is C-exact (but we doubt it). 



3. Random matrices and subexponential operator spaces 

Our goal is to study a generalization of the notion of exact operator space for which the version of 
Grothendieck's theorem obtained in [35] is still valid. 

Notation: Let E he a finite dimensional operator space. Fix C > 0. We denote by Ke{N, C) the 
smallest integer K such that there is an operator subspace F C Mk such that 

dN{E,F) < C. 
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Definition 3.1. We say that an operator space X is C-subexponential if 

log Ke{N,C) 
limsup — = U, 

for any finite dimensional subspace E G X. We say that X is subexponential if it is C-subexponential 
for some C > 1. 

Note: If X itself is finite dimensional, it suffices to consider E = X. 

We will denote by C{X) the smallest C such that X is C-subexponential. 

Remark 3.2. In the same vein, it is natural to call an operator space X C-subGaussian if 
limsup^_^oo A^~^logi^£;(A^, C) = for any finite dimensional subspace E C X. We do not have 
significant information about this class at this point, but to avoid confusion, we decided to call 
"matricially subGaussian" the spaces in Definition 12.121 Clearly "matricially subGaussian" implies 
"subGaussian" but the converse is unclear. 

Recall that an operator space X is called C-exact if for any finite dimensional subspace E d X 
and any c > C there is a /c and F C such that dcbiE,F) < c. We denote by ex{X) the 
smallest such C. We say that X is exact if it is C-exact for some C > 1. As shown by Kirchberg, 
a C*-algebra is exact iff it is 1-exact. See [30, ch.l7] or [2] for more background on exactness. 

Lemma 3.3. An operator space X is C-exact iff 

yo C sup^>i Ke{N, c) < oo. 
for any finite dimensional subspace E C X. 

Proof. The only if part is obvious since d]\f < deb- Conversely, assume that for some fixed k we 
have 

sup^>i i^£;(iV,c) < k. 

We have then for each N a subspace F/v C and a mapping u{N) : E — F/v such that 
||n(A^)Ar|| < c+ 1/N and ||n(A^)~"^^|| < 1. Let F be an ultraproduct of (F/v) along a free ultrafilter 
(see e.g. |30J for ultraproducts of operator spaces), and let u : E ^ F he the mapping associated 
to {u{N)). Then clearly ||n||cf, < c and ||u~"^||cfe < 1- So we obtain dcb{E,F) < c and F obviously 
embeds completely isometrically into M^. □ 

We will denote by Y^^^ a random N x A^-matrix with i.i.d. complex Gaussian entries with 
mean zero and second moment equal to A^^/^, and we denote by (vj^^) a sequence of i.i.d. copies 
of y(^). The following result follows from the main estimates in §2 in [llj. 

Theorem 3.4 (HI]). For any oi, • • • , a„ E B{H), let S = Yli aj O vj'^^ 

Assume that ^a*aj < 1 and ^aja* < 1, or equivalently max{||(^ a*aj)^/^||, ||(X] ^i'^j)^^^!!} ^ 1- 
Let S G B{H) he defined by the identity E,{S*SY = S (g) 1. For any positive integer p, we have 

E{s*sf = s ^ 1 < 1 E(y(^) V(^))p. 

Consequently, if ai, ■ ■ ■ ,an are such that tr|ajpP < oo and dim(/7) = k we have 

(3.1) (E tr|5|2P)i/2p < (A:E tr|y(^)|2P)i/2p. 

where the trace on the left is on H ^2 '^'^^ '^'^^ '^'^ right is on £2 ■ 
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This combines Prop. 2.5 and Prop. 2.7 in [TT]. Note that the formula given for S in Prop. 2.5 
in is such that if oi = • • • = a„ = nT^I"^ the corresponding S must be equal to E(y'^^) y(^))P. 
So the preceding inequahty is implicitly in pP] . 

Remark 3.5. Actually, using |3] combined with Prop. 2.5 in [Hj, it is easy to see more generally 
that if max{||(^a*a,)V2||2p, \\{^aja*y/%p} < 1, then 

E||5|||<E||yW||g. 

Note that this bound is obviously best possible. It can be interpreted as a sort of "Khintchine 
inequality" for Gaussian random matrices with best possible constant. 

Remark 3.6. In sharp contrast, we do not know whether the constant C{N,p) in the following 
variant of this Khintchine inequality is significantly better (as a function of N) than E||y^^-'||2p ~ 
(1 + (p/iV)^/^): We denote by C{N,p) the smallest constant C such that for any finite sequence aj 
in Sp there are N x N unitary matrices yj such that 

(3.2) llX]"i®2/illi2p(irxrjv) < Cmax{\\C^a*aj)^/^\\2p,\\C^aja*y/^\\2p}. 

Note that there is a universal constant c such that if (C/j^"*) are i.i.d. random variables uniformly 
distributed over the unitary group U {N) we have (for any aj in S2p) 

n n 

\\Y.a,®uf\\2p<c\\Y,a,®Y^''\\2v 
1 1 

Indeed this can be shown by writing the polar decomposition of Yj^^ (say as Y^^^ = U^^\y^^\) 

and taking the conditional expectation with respect to the unitary parts of Y^^"^ . From this follows 

that C{N,p) < c'(l + (p/N)^^'^). A significant improvement, such as for instance C{N,p) < 
c{l+p^/^/N), would narrow (or close) the gap appearing when one compares with Lemma 12.111 
Indeed, note that we could use (13. 2p in place of (13.31) in Lemma 15.21 and an estimate such as 
C{N,p) < c(l +p^/^/N) would then lead to Ke{N,C) > exp5N'^d for E = if with maximal 
operator space structure. Note that for = 1 the order of growth of C{N,p) in p^^"^ clearly is 
optimal (e.g. because the ?/j's can be absorbed when the Oj's are sign invariant and we can invoke 
the central limit theorem), but, at the time of this writing, we do not see why its dependence in N 
cannot be improved. 

We will use the following direct consequence of Theorem 13.41 and concentration of measure. 

Lemma 3.7. For any e > 0, there is a constant and a number N{e) such that for any N > N{e), 
any integer k and any oi , • • • ,an£ Mk we have 



/2| 



(3.3) E l^;; a, ® yf II < (1+.) (2 + lei^-^^^^f") max{||(5] a]a,f/\ ||( a,a*f 

Proof. Let X be any Gaussian random variable with values in a (real) Banach space B. Let 

a(X) = sup{(E|C(X)|2)i/2 I ^ e i?M|e|| < 1} 

It will be convenient to use the following concentration of measure inequality (see |32j for a very 
simple proof): 

||||A||-E||X||||p<(7r/2)a(X)||g||p, 
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where 5 is a standard Gaussian normal random variable, and this implies 

(3.4) {E\\Xr)'/P < E\\X\\ + {7r/2)a{X)\\g\\p. 

We will view y(^) as i?-valued with B = Mj~^ considered as a real Banach space. We have then 

a(y(^)) < N-'i\ 

Thus the preceding inequality applied to X = y(^) yields by (|3.4p 

(E||y(^)||g)i/2P < (iV)i/2p(]E||yW||2p)i/2p < (Ar)i/2p(E||y(iV)|| + {t: /2)a{Y^^^)\\g\\2p). 

It is well known that limAr_j.oo = 2. In fact we need only an upper bound, so we set 

e{N) = E||y(^) II - 2 and we note limAr^oo e{N) = 0. 

Since there is a constant /3 such that 11^112^ < /3\/2p for all p > 1, we find 

(E||y(^)|| < (iv)i/2p(2 + e{N) + /3(^/2)(2p/Ar)i/2)_ 

We also have obviously ||5|| < ||5'||2p for any p>l and hence 

(E||5||2P)1/2P < (E||5|||)i/2P. 

By homogeneity we may assume max{||(^ a*aj)-'^/^||, ||(^ aja*)^/^ ||} < 1. By (13. ip this gives us 

(3.5) (E||5f P)i/2P < (A:iV)i/2p(2 + e{N) + ^{11 /2){2p/N)^l^). 
Fix < e < 1. For N > N{e) we have 

(3.6) (E||5|pP)i/2p < (A;Ar)i/2p(2 + e/2 + /2){2p/N)^/'^). 

Choose p large enoug h so that {kNf/^'P = 1 + e/2, so that p ~ e (log(A;A^)). For some numerical 
constant /3', we obtain 

(3.7) E||5|| < (E||5f P)V2p < (1 + £/2)(2 + e/2 + p'{e-^ log{kN)/N)^/^), 

and this leads to (13. 3p . □ 
This leads us to 

Theorem 3.8. Let E be a C -subexponential operator space. Then for any ai, • • • , o„ G -E we have 



(3.8) 



limsupjv^ooIE 



^a,-®y^ 



(TV) 



< 2Cmax{||(^ 



,1/2 



*^l/2 



}■ 



Proof. Replacing E by the span of the a^-'s, we may clearly assume E finite dimensional. Fix c > C. 
Consider u : E ^ F with F C Mk, k = Ke{N,C) and ||MAr|| ||m"V|| < c. 

By homogeneity we may assume max{||(^ a*aj)^/^||, ||(X] '^j^p"'^'^^!!} ^ 1- Let bj = u{aj). We may 
assume n < N. Then we have 

max{||(j;6*6,)'/'lUI(E^^-^P'^'ll} ^ H^^H ^ H^^H' 
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and also 

n 

\\j:\,^YP\\<\\u'\MY^b,0YP\ 

1 

By (j3.3p (applied with bj in place of aj) this gives us 

EWY^Iclj^yPw < ||u-V||||^xiv||(l + e)(2 + 7. 

and therefore 



log(A;) + 1.1/2 



N 



limsup^^ooEll ^ ^/^^ll < 2c(l + £)• 

Since e > is arbitrary, this concludes the proof. □ 

Remark 3.9. By in [111 Th. 3.3], with the same notation as in the above Theorem [331 assuming 
max{||(^ a*aj)^/2||, ||(^ aja*)^/^]]} < 1 we have for any < t < N/2 

Eexpt\\Sf < kNex.p{At + At'^/N). 

By convexity this implies exp t(E||5'||)^ < kN exp(At + At'^ /N), and hence taking the log we find 

E||5|| < 2 {1 + t/N + {Aty^ log{kN))^^'^ 

from which taking t = [eN] for e < 1/2 it is easy to deduce (13. 3p . Note however that the deduction 
of im Th. 3.3] from Prop. 2.5 and Prop. 2.7 in [llj involves rather heavy calculations, and that 
explains why we presented the above short cut (based only on Prop. 2.5 and Prop. 2.7 in [IT]) 
using concentration of measure instead of invoking [TT| Th. 3.3]. In addition, this route allowed us 
to draw the reader's attention to Buchholz's nice contribution [3j in Remark 13.51 

Remark 3.10. Note for future reference that with the preceding notation for any ai, ■ ■ ■ ,an € E, 

any e > and any N > N{e), C we have 

IE|lE>.^^r 11^^(1+^) (2 + 7.( ^°'^''^^jJ'^^ + ^ ^/^)max{ll(Ea-a,)V^llJ(E«.«P^/^ll} 

Remark 3.11. Let M he a finite subset with cardinality < m of the set of all n-tuples a = (uj) in 
Mfc such that max{ll(^a*aj)V2||, IKE < 1- Let Sa = Ei ^j^^ ■ We claim that 

there is a numerical constant f3" such that for any < e < 1 and N > N{e) we have 

(3.9) Esup||5a|| < (1 + e)(2 + /3"(e-^log(mA;Af)/A^)^/2), 
and moreover that 

(3.10) P{sup ll^all > (1 + ef{2 + P"{e-^ log{mkN)/N)^/'^)} < (mkN)-^. 

Indeed, we have obviously 

E sup ||5a|| < (E sup WSaf^'f'^'' < (E V ||5a||2P)i/2p < m^/^P sup(Ell5a||2^')^/2P, 

and hence by (j3.6p 

(E sup ||5a||2P)i/2p < (mA:iV)i/2p(2 + e/2 + /3(^/2)(2p/Ar)i/2), 
aeAT 
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Let A = (m/ciV)^/2p(2 + e/2 + /3(7r/2)(2p/iV)^/2)^ ^ fortiori by Tshebyshev's inequality 

P{sup llS'all > X{mkN)^^'^P} < {mkN)-^. 

We now repeat the preceding step: Choose p large enough so that {mkNy^'^P = 1 + e/2, so that 
p ~ (log{mkN)) . For some numerical constant /3", we obtain the announced claims. □ 

The preceding Remark will be used to construct the examples in the last section via the following 
consequence: 

Theorem 3.12. For any < e < 1 there is a constant > such that whenever N > c^nk"^ then 
with probability greater than 1 — (3^"^ kN)~'^ we have 

V(a,) G M," II5.II < (2 + £)max{||(^a*a,)'/'ll, ll(E ^^'^P'^'Hi- 

Proof. Let Z be any normed space of real dimension d. It is well known (see e.g. |28l p. 49-50]) 
that there is an e-net A4 in the unit ball of the space Z with cardinal < (1 + 2/e)'^. Let Z be 
equipped with the norm ||a|| = max{\\(J2 a*ajy/^\\, UT, aja*)^/^\\}. Note d = 2nk^. It is weh 
known that for any linear map such as a i— )• Sa we have 

sup llS'all < (l-e)~^ sup \\Sa\\. 

Thus the result fohows from (l3T0]l with m = (1 + 2/e)2"'='. □ 
Notation: For a = (oi, • • • , a^) with aj £ E we denote 

||a|Uc = max{||(Ea*a,f/2||,||(j;a,a*)V2||}, 

\Mr = \\C^aja*y/'^\\, and \\a\\c = \\C^a*aj)'^/'^\\, 

so that 

\\a\\Rc = max{||a||H, ||a||c}- 
By the same proof as in p!6] (see also [30,, Th. 19.1]), we can now state 

Corollary 3.13. Let E,F be subexponential operator spaces with respective constants C{E),C{F). 
Then any c.b. linear map u : E ^ F* satisfies for any n, any a = (oi, • • • ,an) G E"^ and any 
b={bi,--- ,6„) GF« 

\^{u{a,),bj)\<AC{E) C{F)\\u\\ 

It is easy to check that if X is C-subexponential, the minimal tensor product K{i2) '^min ^ 
(of X with the set K{l2) of all compact operators on £2) is also C-subexponential. Indeed, by a 
perturbation argument we may restrict to finite dimensional subspaces of the form Mn{E) with 
E C X. Then we have obviously 

(3.11) KM„iE){N, C) < uKEinN, C), 

and hence the subexponential character is preserved. Therefore by the same method as in the 
second proof given in [33l §18] of GT for exact operator spaces, using the Haagerup-Musat ideas 
from |13j or the very recent much simpler proof by Regev and Vidick |36] , and combining that with 
[IB] , we obtain: 
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Corollary 3.14. Let E,F be subexponential operator spaces with respective constants C{E),C{F). 
Then any c.b. linear map u : E ^ F* satisfies for any n, any a = (oi,--- , a„) G E"^ , any 
b = {bi, - ■ ■ , bn) G F^ and any tj > 

\Y,Haj),b,)\<AC{E) C(F)||^||,,(||(a,)bll(6,)llc + ||(tia,)||c||(t-^?>i)b). 

Remark 3.15. The preceding proofs suggest that perhaps one should keep track of the dependence 
in E in studying spaces hke subexponential ones. One possibility would be to define X as (C, C')- 
subexponential if for any finite dimensional E C X we have 

limsup N-hog Ke{N,C) < C . 

Note however that the constant C does not seem to behave as well as C (see (j3.1ip ) when one 
passes from E to Mn{E). 

Remark 3.16. Given an operator space X, it is natural to introduce the following parameters: 

kx{N, C; d) = sup{kE{N, C)\EcX, dim{E) = d} 

Kx{N,C;d) = sup{Ke{N,C) \ E C X, dim(E) = d}. 

We will say that X is uniformly subexponential (resp. uniformly matricially subGaussian) if there 
is C such that 

\/d> 1 limsup — — — — ^ = (resp. limsup ^^2'' ^' — ^ ~ 

Similarly we will say that X is uniformly exact if there is C such that for all d 

sup{Kx{N,C;d) | iV > 1} < 00. 

It is easy to check that if X is uniformly exact (resp. uniformly subexponential, rresp. uniformly 
matricially subGaussian) then all ultrapowers of X are exact (resp. subexponential, rresp. matri- 
cially subGaussian). Note however (I am indebted to Yanqi Qiu for this remark) that the converse 
is unclear. 

For example, Ror C (or i?©C), any commutative C* algebra A, or any space of the form ^(giminMjv 
is uniformly exact. It would be interesting to characterize uniformly exact operator spaces. 

Remark 3.17. It is tempting to weaken the definition of subexponential spaces by replacing the 
limsup there by a liminf. Such spaces could be called weakly subexponential. We do not know 
whether this is a true weakening. Then Corollaries 13.131 and 13.141 extend to the case when one of 
E, F is weakly subexponential and the other one subexponential. Note however that, a priori, the 
case when both E, F are weakly subexponential is unclear. 

Problems: 

1) Let C > 1. Assume that a finite dimensional space E satisfies kE{N,C) < 1 for all N. What 
does that imply on E ? Is E exact ? 

2) Assume E subexponential. What growth does that imply for kE{N,C) 1 Is E uniformly 
matricially subGaussian ? 

3) What is the order of growth (when — > 00) of log Ke{N^C) for E = i"^ or E = OHn ? In 
particular, when C is close to 1, is it 0{N) ? 



24 



4. Large constants of subexponentiality 

We will now examine some examples. It turns out that the most commonly known non-exact 
operator spaces are also not subexponential, and the associated constants have a similar growth. 

We start by discussing maximal operator spaces. (See e.g. [30] for the definitions of minimal 
and maximal operator spaces.) 

Proposition 4.1. Let E he any n-dimensional space with its maximal operator space structure. 
Then 

C{E) > c^ 
where c> is a constant independent of n. 

Proof. We transplant from exact to subexponential an argument from [16] , Note that C{E*) = 1 
since E* is a minimal operator space. By Corollary 13.131 (with F* = E and u the identity of E) we 
have for all finite sequences {aj, bj) in E x E* 

\Y,{aj,bj)\<4C{E)\\aUc\\b\\Rc 

but here \\b\\jic = sup{(^ |6j(x)p)-'-/^ \ x £ E, \\x\\ < 1} and ||a||/jc < (^ ||aj|p)^/^, so this implies 

I ^^(a,-, 6,-)| < iCiE)iY^ ||a,f snpUY, \bj{x)\y^' \ x e E, \\x\\ < 1} 

and hence 

iYl < ^C{E) sup{(J] |6j(x)P)V2 \^^E, \\x\\ < 1}. 

Equivalently, this means the 2-summing norm ■K2{E) of the identity of -E is < AC{E). But it is well 
known (see e.g. [28, p. 35]) that it2{E) = ^Jn. Thus we conclude C(i?) > ^JnjA,. □ 

Remark 4.2. In the converse direction, for any n-dimensional operator space E we have C{E) < 
ex{E) and it is known (see [301 Cor. 7.7 p. 133]) that ex{E) < y/n. 

Remark 4.3. We claim that 

< C{OHn) < n^l^. 

Indeed, applying (|3.8p with E = OHn (see [30^, §7]) and with Oj an orthonormal basis we find 



limsup^^^^E 



and since 
we obtain 



j 



> Tj\[\Yj^^\'^ and (by the law of large numbers) Yli ''"ivI^/^'^P 



n 



= hmsup^^^E ((5]%^|yf )|2)V2) < 2C(OF„)nV4 

and hence C{OHn) > In the converse direction, we have C{OHn) < ex{OHn) and it is 

known (see [Ml (10.8) p. 219]) that ex{OHn) < n^/l 

Remark 4.4. We claim that 

72^/2/2 < C{Rn + Cn) < n^/^ 
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Indeed, applying (j3.8p with E = i?„ + C„ (see [301 §2-7]) and with aj an orthonormal basis we find 
similarly (since ||(aj)||ijc = 1) 

nV2 = iinisup^^^E((j;"r^|yf )p)V2) < 2C(i?„ + C„), 
and thus we obtain 

C{Rn + Cn)n-'/^ > 1/2. 
In the converse direction, by Remark 14.21 we have C{Rn + C„) < n^/^. 



5. More growth estimates 

Since Ke{N, 1 + 6) < NkE{N, 1 + 5), the following is an immediate consequence of Lemma 12.111 

Lemma 5.1. Let E be a n- dimensional operator space, then for any 5 > we have 

Ke{N, 1 + 5)<N{1 + 25-^ f"^'. 

Therefore, for any operator space X, any finite dimensional sub space E C X we have 

log KEiN,C) 
vC > 1 limsup —5 < 00. 

In |25) the parameter denoted below by n{E, c) was introduced for an n-dimensional Banach 
space E and a constant c (in [25] we fixed c = 2). We denote by n{E, c) the smallest k such that 
E can be embedded c-isomorphically into In Banach space theory Gaussian random variables 
can be used to give a quick proof of the fact that if either E = £2 01 E = then there is 5 = (5c > 
such that n{E,c) > exp{6n). In [25] an estimate due to Maurey is presented showing that this 
remains true (with 6 = 5{c, c') > 0) whenever E* has type p > 1 with constant at most c'. 
The problem of estimating kE{N, C) is entirely analogous to the one considered in [25] for n{E, c). 
More precisely, we have simply n{E, C) = kE{l, C). 

The preceding inequality (|3.3p allows us, in the next Lemma, to prove analogous results, for 
some operator spaces. Note however that in the Banach space case (equivalently in the case = 1), 
we also know that n{E, c) < exp((5'n) for some universal constant 6' , but in the operator space case, 
all we have so far in the same direction is Lemma (5. II (see however the speculations in Remark l3.6p . 

Lemma 5.2. If E is equipped with its maximal operator space structure, then for any C > 1 
there are an integer and 6 > depending only on C such that for any n > do, N > 1 we have 

(5.1) KEiN,C)>exp5Nn 

If E = Rn + Cn or £2 equipped with its maximal operator space structure (resp. E = OHn), this 
still holds (resp. we have Ke{N,C) > exp 6Nn^^'^ ) for all N >n. 

Proof. With the notation in Theorem 13.41 let aj be the canonical basis of (resp. OHn, rresp. 
Rn + Cn). Then it is easy to check on the one hand that E||5'|| > an (resp. rresp. Ells'!! ^ an^/^) 
for some a > 0. On the other hand HaH/jc" = ^a-xjlK^ a*aj)^/^!|, ||(X] equal to n^/^ 
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(resp. n^/"^, rresp. 1). Thus using (j3.3p and the same reasoning as in the proof of Theorem 
(note that we can use \\u\\cb = \\u\\ when u is defined on a maximal space), we find if E = 



an<C(l+.)(2 + ..(J5i§±i)V^) 



n 



1/2 



from which we deduce for n large enough 

{a/C{l + .))nV2 + e)^/' - 2 < jsi^^^^^Y^' , 

which is the announced lower bound (taking e.g. e = 1). The cases E = OHn and E = Rn + C„ 
are similar. When (oj) is the basis of = ^2 with its maximal operator space structure, by a well 
known result (see Exercise 28.1 in [30]) we have also a lower bound Ell^H > an provided n < N . 
In this case, the remaining estimate of ||a||_Rc required to complete the proof can be found in |30t 
p. 223]. □ 



6. Examples of non-exact subexponential spaces 

The original idea for our construction is as follows. As described in [16j or in j30t ch. 21], results 
such as Theorem 13.121 are a crucial tool to produce uncountable families of mutually separated 
n-dimensional operator spaces for each n > 2. The latter families are constructed by a direct sum 
argument. Since each such family is non-separable (and consists of spaces at rather large distance 
to each other), we are sure that (uncountably) many of the spaces in that family are not 1-exact 
(and even have rather large exactness constants). Actually we will describe below a more explicit 
subclass formed of non-exact spaces. But it turns out that the precise estimate in Theorem 13.121 
allows us to specify the construction of these direct sums so that all of them are subexponential. In 
fact we can construct them as n-dimensional spaces such that their associated sequence Ke{N, C) 
is of order A^^ when A^ — )• oo. Thus they are all subexponential. 

Consider an unbounded increasing sequence of integers A^(0) < A^(l) < • • • < N{m) < ■ ■ ■ . 

Our example will be of the form 

E = spanjxi, • • • ,Xn} where xj = (BmeNXj{m) and Xj{m) G Mjq^^^y 
For any subset ^ C N, we will denote 
(6.1) Xj{A) = ®rn(^AXj{m) and = span{a;i(^), • • • , x„(yl)}. 

The case m = in special. We set A^(0) = 2n and 



(6.2) Xj(0) = eij e eji e M„ M„ C M2„. 

Thus the space £'{0} coincides with the space that is usually denoted by i?„ n C„: for any k and 
any a G we have || X] ^j(O) "25 aj|| = HaHijc*- (Actually the latter space Rn n C„ embeds in 
M„ec C Mn+l). 

We will often refer to the "natural" mapping Eb — ?• Ea between two such spaces. By this we mean 
the mapping (induced by the identity on C") taking Xj{B) to Xj{A). 
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Lemma 6.1. Fix C > 1 and m such that n < N{m). Assume that for any any k < N{m) (or 
simply for k = N{m) ) we have for any (yj) E MJ} 

WvWrc < sup \\^Xj{m') 0yj\\ < CWvWrc- 

m'>m 

Then for the associated space E we have kE{N{m), C) < m + 1 and 

KE{Nim),C)<Y^ N{m') 

Proof. Consider the embedding J : E ^ ®o<m><mMN(m') © © Af„ defined by 

J{xj) = Xj([0,m]), 

let F be the image of J and let u : E ^ F he the same as J but viewed into F. Then (recalling 
(j6.2p ) our assumption implies \\u\\cb < 1 and ||n~^||c6 < C □ 



Outline: Our examples will be obtained by first choosing the sequence N{m) and then setting 
Xj{m) = l^-^^^™"^-* (a;) with w in a set of positive probability. 

The following well known fact will be convenient. It is an easy consequence of the weak con- 
vergence (i.e. in moments) when m — )• oo of (y^.^^*^"*))) to a circular sequence. 

Lemma 6.2. Let N{0) < N{1) < ■ ■ ■ < N(m) < ■ ■ ■ be any unbounded sequence of integers. 
For almost all oj in our probability space il, the following property holds: for any k > 1 and any 
{yj) G we have 

||ybc<hminf||5]yf ('"))(a;)®y,||. 

Proof. This a.s. property is well known for given fixed k > 1 and [yj) E M^. Therefore, it also 

holds for all k and all y's with rational entries. As is well known we have supjy 11^-^^ || < co almost 

surely for each j, therefore the function y i— )• || ^ Yj.^^^™"*^ (w) ® yj\\ is uniformly continuous for 
almost all w. Then the conclusion follows by density. □ 



We will use Theorem 13. 121 Fix < e < 1. Let us choose N{m) inductively such that A'^(O) = 2n 
and for any m > 

(6.3) Mm N{m + 1) G [cenN{mf, CenN{mf + 1]. 

We may assume Cg > 1 so that, since N(m + 1) > Nim)'^ for all m and A^(0) > 2, we must have 

(6.4) Vm>0 iV(m)>2^'". 



Then Theorem 13.121 tells us that the event 

= {yy e m;^(^) \\Y,y, ® y;^(™+^»(a;)|| < (2 + e)\\y\\Rc} 

occurs with probability P(O^) > 1 - e„ with = (3"^('")'iV(m)iV(m + l))'^ < 3-^' 
Since Yl^rn < oo, by Borel-Cantelli the set liminf = Umo(~^m>mo satisfies 

P{liminf 17^} = 1. 
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Let fi' C be the event described in Lemma |6.2[ 
Let 17" C be the set of ah w's such that 

hmsup||(y/^("^))H)|Uc<2V^. 

Clearly F{Q,") = 1 (Indeed this follows a fortiori from Theorem I3.12|) . 
Let 17"' C 17 be the set of all w's such that for any matrix a S M„ we have 

|tr(a)| < hminf | V ai,N{m)-hr{Y}''^"'^^Y}''^"'^^*)\. 

The convergence in moments (to a circular family) of Yj^^"^^^ when m — )■ oo ensures that this event 
has full probability for any fixed a, but again a density argument (in M„) ensures that P(17'" ) = 1. 

We now choose u in the set O' n 17" n 17"' n lim inf 17^ which occurs with full probability and 
we set 

x,(m) = y.(^(™))(u;)eM^(^). 
By the choice of w we know that for some niQ we have for any m > mo and any (yj) E ^Nim) 

(6.5) \\y\\RC< sup \\Y,Xji'm')CSyj\\<{2 + e)\\y\\Rc = {2 + e)\\^Xj{0)^yj\\ 

m'>m 

SO that 

(6.6) sup II Xj(m') (g) yjll < II Xj (g) yjll < (2 + e) sup || Xj{m') (g yj\\ 

0<m'<m 0<Tn'<m 

and hence by Lemma 16.11 and by (|6.3|) we must have for any m > mg 

KE{N{m),2 + s)<Y^ N{m')<2n + Y. N{m'), 

and since it is easy to check that there is a constant 7 such that J2i<ni'<m ^(.''^') — l^{fn)-, and 
since N{m) < CenN{m — 1)^ + 1 we find 

KE{N{m),2 + e) < 2n + -f{cenN{m - if + 1). 

Therefore, whenever N{m — 1) < N < N{m) we have N{m — if < N"^ and hence 

Ke{N, 2 + e)< KE{N{m), 2 + e) < 2n + ^riceuN^ + 1) G 0{N^). 

Note also that 

kE{N{m),2 + e) <m + 2. 

Thus we have proved: 

Lemma 6.3. With the above choice of {N{m)} and Xj{m) the space E is subexponential with 
constant C{E) < 2 + e. Moreover, the same is true for any space Ea, as defined in (16. ID . for any 
infinite subset ^ C N. 

Proof. The only property we used to check this for the space E, namely ()6.5p . remains valid for 
Ea- Indeed, if we restrict to m' G j4 the upper bound in ()6.5p remains trivially valid, while the 
lower bound is guaranteed by Lemma 16.21 since uj G 17'. □ 
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Remark 6.4. By technical refinements, it is possible to replace 2+e by 1 in the preceding statement. 
To do this one should replace the space Rn H Cn by the span of an n-tuple of free circular elements 
(Cj) in the sense of [30], that is known to be 1-exact. The norm ||y||i?c should then replaced by 
II Cj®yj\\^ the results of p^lj should be replaced by those of [12j. Moreover, one can actually 
exhibit a 1-subexponential C*-algebra which is not exact. See our more recent paper on this on 
arxiv. In another direction, it should be possible to use Collins and Male's results [3] to replace 
Gaussian random matrices by unitary ones (uniformly distributed according to Haar measure) , but 
we did not fully check this. For this last point the Gromov-Levy isoperimetric inequality (see |10l 
§1.2 and §3.4]) should be used on U{N)'"' instead of the Gaussian concentration of measure. 

The following was used in [16j for diagonal matrices, the general case was observed in [23j. 

Lemma 6.5. With the above notation, let A,B C [mo,oo) be infinite such that AO [A^, oo) B D 
[N, oo) for any N £ N. For any [aij] G M„ let u : Eb — 5- Ea be defined by u{xj{B)) = aijXi{A). 
Then we have 

(2 + e)-2(j;|a,,f )V2 < \\u\\cBiEs,E^) < (2 + e)(5^|a.,|2)V2. 
Proofi Note that || E«u^i(0) ® ^i(0)ll = (E kijf)^^^- 

Since we choose w G O', Lemma 16.21 ensures that we have a completely contractive natural map 
Eb Rn (and also Eb C„) for any infinite B. Therefore \\u\\cb{Eb,Ea) ^ \\u\\cB(Rn,EA) = 
II ttijen (S" a;j(yl)|| < || aijXi{0) (g) Xj(A)|| and hence by (|6.5p 

ll^lbB(i?s,i?A) <(2 + e)llE«^i^*(0)®^i(0)ll = (2 + e)(El"^J-|')'^'- 
To prove the converse, we will choose ttt-q arbitrarily large in A — B. Then (j6.5p shows that 

\\^bjkXj{Bn{m'Q,(x>))0Xk{m'Q)\\ < {2+e)\\Y^bjkXj{O)0Xk{m'o)\\ < {2+ef\\"^bjkXj{0)mk{0)\\, 

and also since tuq B 

\\'^bjkXj{B n [mo,mo]) ^ Xk{m'Q)\\ < {2 + e)\\'^bjkXj{B n [mo,mo]) ^ Xk{0)\\ 

< {2 + ef\\Y,bjkXj{0)^Xk{0)\\, 

where for the last inequality we use the fact that A^(0) = 2n < N[m — 1) for all m > 1 and in 
particular for all m G i3 n [mg, ttiq]. Recollecting the two preceding estimates, we find 

\\^bjkXj{B)®Xk{m'Q)\\ < {2 + ef\\Y,bjkXj{0) Xk{0)\\. 

Thus we have 

Wy^. bjkaijXi{A)(SiXk{m'(y)\\ = || 6jfcu(xj(fi))(g)Xfe(mo)|| < ||'u||cfe(2 + e)^|| 6jfca:j(0)(g)Xfe(0)||. 
Since G ^, a fortiori 

\\'^bjkaijXi{m'f^) Xfc(mo)|| < \\u\\cb{2 + ef\\^bijXi{0) Xj{0)\\. 

ijk 

But now, since cj G Q'" , for any 5 > 0, when ttiq is chosen large enough, we have 

E..aijbji\ < II Vl.., bjkaijXi{mQ) Xk{mQ)\\ +6 
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and hence choosing simply bij = aji (and letting 5 — )• 0) we conclude 

X;,>uf < \\u\\cb{2 + ef\\^a,iXi{0)^x,{0)\\ = \\uU{2 + ef{^,,\a,j\Y/^ 

and the announced result follows after division. □ 

Lemma 6.6. Fix m € N. Assume that A, B are infinite subsets such that Af] [0,m\ = B D [0, m]. 
Then the mapping u : Eb — ?• (induced by the identity ofC^) is such that 

yk < N{m) \\uk : MkiEe) ^ Mk{EA)\\ <2 + e 

Proof. For all y G we have 

\\^Xj{An[0,m])(^yj\\ = \\^Xj{B r\[0,m]) yj\\ < \\"^Xj{B) yj\\. 
But also by (|6.5p since k < N{m) and a; € fi' 

\\Y,Xj{A^[m + l,oo))0yj\\ < {2 + e)\\y\\Rc < {2 + e)\\Y,Xj{B) yj\\. 

Therefore ||nfc|| < 2 + e. □ 

The method of the paper |16j as presented in [30\ Th. 21.13, p. 343] shows that there is an 
continuous subcollection in the family {Ea | A C N, |A| = c«} such that ex{E) > ^/n/{2 + e)^. But 
actually we can make this slighly more precise: 

Theorem 6.7. For any infinite subset A we have 

ex{EA) > V^/i2 + ef. 
Proof. Fix A as in the statement. For any m > let 

C^ = {B cn\\B\= oo, [0,m] =Bn[0,m], An[N,oo) (t Bn [N,oo) \fN G N}. 

Clearly this set is non empty. For each m, pick B{m) G Cm- Let u{m) : -E'B(m) ~^ Ea denote the 
natural (identity) map. By Lemma 16.51 we have ||tt(m)||cb > ^/n/{2 + e)'^. However, by Lemma 16.6^ 
for any k < N{m) we have ||M(m)fc|| < (2 + e). Assume now that Ea is exact with constant < c, 
so that for some finite k there is F C with dcb{EA, F) < c. Choosing m large enough we may 
ensure that k < N{m). By the Smith Lemma 12.21 this implies that ||u(m)||cb < c||ti(m)fc||. Thus 
we obtain \fnl{2 + ef < c(2 + e), and hence c > \/n/(2 + ef . □ 

Recapitulating, we can now conclude 

Theorem 6.8. For any n > 1 and e > 0, there is a continuum of n- dimensional, subexponential 
(with constant 2 + e) operator spaces with mutual cb-distance > n/(2 + e)^ and with exactness 
constant > \^/{2 + e)^. 

Note that the preceding lower bounds are not significant for small values of n. 

Remark 6.9. Note that the preceding result can also be obtained using the main idea of [31J. In 
fact that idea proves more generally that for A infinite with infinitely many gaps the space Ea has 
a large dj constant of embedding into C*(F2) in the sense of 001 p. 345]. 
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Corollary 6.10. There is a separable infinite dimensional suhexponential operator space that is 
not exact. 

Proof. Let E{n) be an n-dimensional example as in the Theorem. Let X be the direct sum in the 
CQ-sense of {-E(n)}, so that the elements of X are sequences x = x{n) tending to zero in norm 
and X C ®nE{n). We claim that any finite dimensional subspace E <Z X is subexponential with 
constant 2 + e. By perturbation, it suffices to show this for E = ®yQ^n<q]E{n), for any integer q. 
But now an easy verification shows that for such an E we have 

Ke{N,C)< KEin)iN,C) 
0<n<q 

and since each E{n) is subexponential with constant 2 + e, we conclude that E also is. □ 
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